In this paper we introduce the sheaf of stratified Whitney jets of Gevrey order on the subanalytic site relative to a real analytic manifold X. Then we define stratified ultradistributions of Beurling and Roumieu type on X. In the end, by means of stratified ultradistributions, we define tempered-stratified ultradistributions and we prove two results. First, if X is a real surface, the tempered-stratified ultradistributions define a sheaf on the subanalytic site relative to X. Second, the tempered-stratified ultradistributions on the complementary of a 1-regular closed subset of X coincide with the sections of the presheaf of tempered ultradistributions.
Introduction

One of the aim of the present article is to define tempered ultradistributions of Beurling and Roumieu class of order s > 1 and Whitney jets with growth conditions as sheaves on the subanalytic site relative to a real analytic manifold X. As growth conditions are not of local nature, functional spaces defined on open subsets of X, as tempered distributions, Whitney C ∞ -functions or holomorphic functions with polynomial growth at the boundary do not glue on arbitrary coverings. In particular, such spaces do not define sheaves on the usual topology of an analytic manifold. We recall the approach set by S. Lojasiewicz ([12] ) later reinterpreted and generalized in the works of M. Kashiwara and P. Schapira (see [4] , [6] and [7] ). They defined tempered distributions and Whitney C ∞ -functions as sheaves on the subanalytic site, X sa , relative to a real analytic manifold X. The open sets of X sa are the relatively compact subanalytic open subsets of X and the coverings are the locally finite ones. The use of these objects in the study of linear ordinary differential equations gave interesting results (see [14] ). Let us mention that function spaces with growth conditions, such as holomorphic functions on the complex plane with moderate or Gevrey growth or asymptotic expansion at the origin, are treated as sheaves on the real blow up at the origin by B. Malgrange in [13] and many other authors elsewhere in litterature. Such function spaces are used in a systematic way in the study of linear ordinary differential equations. Some of these sheaves on the real blow up at the origin can be obtained by specializing their subanalytic generalization (see [15] ).
Among the motivations of this paper there is the fact that the naive definition of tempered ultradistributions, mimicking that of tempered distributions (see [4] ), does not give a sheaf on the subanalytic site, as explained in Section 1.3. Let us recall that tempered ultradistributions on an open set U in X are defined as global sections of ultradistributions modulo ultradistributions with support on X \ U . This latter space is the dual of Whitney jets with Gevrey like growth conditions on X \ U . In this paper, we relax the condition on Whitney jets with Gevrey like growth conditions by introducing the stratified Whitney jets on a real analytic manifold X. We prove decomposition and gluing properties for stratied Whitney jets on locally finitely many subanalytic subsets of X (Lemma 2.2.4). Then we study the dual of stratified Whiteny jets on a closed set Z ⊂ X, the space of stratified ultradistributions on Z. This latter space is a subspace of ultradistribution with support in Z. We study the decomposability of stratified ultradistributions on arbitrary finitely many subanalytic closed sets (Corollary 2.4.5 and Corollary 3.1.5). Then we define tempered-stratified ultradistributions on U as global ultradistributions modulo stratified ultradistributions on X \ U . We prove that, when X has dimension 2, tempered-stratified ultradistributions define a sheaf on X sa . Further, we prove that, if X \ U satisfies a regularity condition, tempered-stratified ultradistributions on U coincides with classical tempered ultradistributions on U (Theorem 3.2.1). We conclude by proving that tempered-stratified ultradistributions and other spaces of ultradistributions similarly defined do not give rise to sheaves on X sa , if X has dimension > 2.
Similar results on the decomposability of ultradistributions were obtained by J.-M. Kantor ([3] ) and by A. Lambert ([11] ). Their approach is quite different from our. Indeed, given s > 1, they find a family T s of subanalytic closed sets depending on s such that ultradistributions of class s decompose on sets in T s . The family T s is not closed under intersections hence it is not possible to define a Grothendieck topology and a notion of sheaf starting from it.
In the end, let us recall that ultradistributions and growth conditions of Gevrey type turned out to be very useful in the functorial study of linear diffential equations, being strictly linked to the irregularity of equations. Let us cite, for example, [2] and [19] for some applications of ultradistributions in the study of systems of linear differential equations. In the present article we do not use tempered-stratified ultradistributions to study systems of linear differential equations, postponing this problem to future investigations. Throughout the paper, we just limit to point out if the sheaves we define give rise to sheaves of modules over the ring of linear differential operators with analytic coefficients.
The paper is organized as follows. We start Section 1 by recalling the basic properties of Whiteny jets with growth conditions. Then, mimicking [4] , we define the presheaf of tempered ultradistributions and we recall a condition, due to H. Komatsu, for a continuous function to extend to the whole space as an ultradistribution. In the end of the section, we prove that tempered ultradistributions do not glue on finitely many subanalytic open subsets of R 2 . In Section 2 we start by recalling some definitions and basic results on subanalytic sets and the subanalytic site relative to a real analytic manifold X. Then, we define the space of stratified Whitney jets with Gevrey growth conditions and we prove that they give rise to a sheaf on the subanalytic site relative to X. Then, we introduce the space of stratified ultradistributions on X and we prove that this space is dual to stratified Whitney jets. In the end of the section, from the gluing property of stratified Whitney jets, we obtain a decomposition property for stratified ultradistributions.
In Section 3 given a real analytic manifold X, we define tempered-stratified ultradistributions on a subanalytic open set U ⊂ X which is a subspace of tempered ultradistributions on U . Then, we prove two results. The first states that, if dim X = 2, tempered-stratified ultradistributions define a sheaf on the subanalytic site relative to X. The second states that if X \ U satisfies a regularity condition, then tempered-stratified ultradistributions on U coincide with tempered ultradistributions on U .
In Appendix A we prove a result of density for stratified Whitney jets in the space of Whitney jets. Such results is needed in Section 2, we prove it in the Appendix as the proof is rather long and technical.
Notations and review on Whitney jets and ultradistributions
In this paper, we assume that a real analytic manifold is countable at infinity.
Whitney jets with Gevrey conditions
Let X be a real analytic manifold. We denote by Mod(C X ) the category of sheaves on X with values in C-vector spaces, and by C ∞ the sheaf of infinitely differentiable functions on X. We denote by π k : J k → X (k ∈ Z ≥0 ) the vector bundle associated with k-th jets over X. For any non-negative integers k 1 ≥ k 2 , the morphism of vector bundles j k2,k1 : J k1 → J k2 is defined by the canonical projection from k 1 -th jets to k 2 -th jets.
Let A be a locally closed subset in X, and J k (A) designates the set of continuous sections of the vector bundle J k over A. We denote by j 
The morphism of vector bundles j k2,k1 induces the map
and using these maps we define the jets space over A by
We set
n with a system of coordinates (x 1 , x 2 , . . . , x n ), then the jets space J(A) is isomorphic to the set
where C 0 (A) designates the set of continuous functions on A. The map j A is identified with
Let A be a locally closed subset in X. We define J A ∈ Mod(C X ) by
We have that J A is a sheaf of rings and modules over D X : the sheaf of rings of linear differential operators with analytic coefficients on X.
From now on, the symbol * denotes (s) or {s} for some s > 1. Let us recall the definition of the sheaf C * of ultra-differentiable functions of class * in X. First we need the notion of 1-regular sets. Definition 1.1.1. We say that A is 1-regular at p ∈ X if there exist a neighborhood U ⊂ X of p, a neighborhood V ⊂ R n of the origin and an isomorphism ψ : (U, p) → (V, 0) satisfying the following condition. There exist a positive constant κ > 0 and a compact neighborhood K ⊂ V of the origin such that for 1.1 Whitney jets with Gevrey conditions any x 1 , x 2 ∈ ψ(A ∩ U ) ∩ K there exists a subanalytic curve l in ψ(A ∩ U ) joining x 1 and x 2 and satisfying the estimate
where |l| stands for the length of l.
The set A is said to be 1-regular if it is 1-regular at any point p ∈ X.
For a locally closed subanalytic subset A (see Definition 2.1.1 for a subanalytic set), if A is 1-regular then, using the Curve Selection Lemma (see [5] ), one proves that A is also 1-regular. Clearly, the converse does not hold. For example, let X = R 2 with coordinates (x, y), A = X \ {x = 0} is not 1-regular at any point in the set {x = 0}, but A = R 2 is 1-regular at every point. Moreover a 1-regular set is locally connected at every point in X, that is, for any p ∈ X, there exists a family {V i } of fundamental neighborhoods of p satisfying V i ∩ A is connected.
Let (x 1 , x 2 , . . . , x n ) be a system of coordinates of R n and V ⊂ R n a 1-regular relatvely compact open subset. Let us recall that, given s > 1 and h > 0, the space C s,h (V ) consists of f ∈ C ∞ (V ) whose arbitrary partial derivative extends to a continuous function on V with the following growth condition. There exists C > 0 such that, for any α ∈ (Z ≥0 ) n ,
where
We denote by D
endowed with the norm ||f || V ,s,h := sup
Given an open set U ⊂ R n , we set
Here V runs through 1-regular relatively compact open subsets of U . In [9] (see also [16] ), it is proved that, given open sets W, W ′ ⊂ R n and a real analytic isomorphism Φ :
is an isomorphism. Hence, for an open subset U in a real analytic mamifold X, the set of ultra-differentiable functions C * (U ) is also well-defined.
Let X be a real analytic manifold. One checks easily that C {s} and C (s) are sheaves on X. 
Let A ⊂ R n be a locally closed set, U ⊂ R n an open set and s > 1. We introduce two families of semi-norms on J A (U ).
For h > 0 and K ⊂ A ∩ U , set
We define, for h > 0 and
The following characterization of W * A can be found in [3] . Let A ⊂ X = R n be a compact set. We set 
A (X) and
It follows that W *
A (X) can be endowed with a locally convex topology by these projective or inductive limits. It is easy to see W * A (X) is an FS space (resp. a DFS space) if * = (s) (resp. * = {s}) respectively.
Ultradistributions
For a complete presentation of the theory of ultradistributions, we cite [8] .
Let X be a real analytic manifold. Let us recall that, given a sheaf F on X and U ⊂ X an open set, we denote by Γ c (U, F ), the set of sections of F on U with compact support.
Given U ⊂ R n open, the locally convex topological vector spaces D * (U ) and
In [9] (see also [16] ), it is proved that, given open sets W, W ′ ⊂ R n and a real analytic isomorphism Φ : 
X (resp. A) is the sheaf of real analytic n-forms (resp. functions) on X, and or X is that of orientations on X.
Let
U be an open subset of X. The space of ultradistributions on U of class (s) of Beurling type (resp. of class {s} of Roumieu type), or simply of class (s) (resp. {s}), denoted Db (s) (U ) (resp. Db {s} (U )), is defined as the strong dual space of Γ c (U, V (s) ) (resp. Γ c (U, V {s} )).
In [17] , it is proved that Db * is a sheaf on X. Given a closed set Z ⊂ X and F ∈ Mod(C X ) denote by Γ Z (F ) the subsheaf of F of sections supported by Z.
If A is a compact subset of X = R n , from results of H. Whitney and J.-M. Kantor 
We need some technical results.
2. There exist constants C > 0 and κ > 0 such that, for any l > 0 and for any ϕ ∈ D s,l (U ), the inequality
Proof. (i). By the Hahn-Banach's extension Theorem the functional
and let y be a point in ∂U with |x − y| = dist(x, ∂U ). Then we have
Hence we have
where we set ǫ := (2nl|x − y|)
j 0 e −j0 ≤ e 13 12 1
thanks to the Stirling formula
This completes the proof.
Proof of Proposition 1.2.3.
Since the problem is local, we may assume that U is relatively compact. Lemma 1.2.4 (ii) implies that there exists C ′ > 0 and κ > 0 such that, for any l > 0 and for any ϕ ∈ D s,l (U ),
If we take l > 0 sufficiently small, then the conclusion follows from Lemma 1.2.4 (i).
An example
Let l ≥ 1. Set
) whose proof will be given later. It follows that tempered distributions do no glue on finite coverings of open sets with smooth boundaries. In particular, the presheaf Db * t X is not a sheaf on the subanalytic site relative to R 2 (see Subsection 2.1 for the definition of subanalytic site).
Among the purpose of this paper there is the attempt to overcome the difficulty presented in this example. We will define a subanalytic sheaf of stratified Whitney jets of Gevrey order. Then, we will define stratified ultradistributions. In the end, by means of stratified ultradistributions, we will define tempered-stratified ultradistributions and we will prove two results. The first states that, if X is a real surface, tempered-stratified ultradistributions define a subanalytic sheaf. The second states that the sections of tempered-stratified ultradistributions on open subanalytic open sets with 1-regular complementary coincides with sections of tempered ultradistributions. Now, let us prove that u / ∈ Db
Then there exist positive constants C and h such that
holds for any ψ ∈ D (2) (U ∩D). Now applying Lemma A.6 to the situation ϕ(t) = t 2 , s = 2 and K = {0} ⊂ R 2 , we obtain a family of functions {χ ǫ (x, y)} ǫ>0 satisfying the conditions 1., 2. and 3. of the lemma. Set
where C h > 0 is the positive constant given in Lemma A.6 1. Remark that ||ψ ǫ || D,2,h ≤ 1 holds for any ǫ > 0, and hence, U uψ ǫ dx is uniformly bounded.
On the other hand, for sufficiently small ǫ > 0, we have
and
for some positive constant κ > 0. Therefore we have
which give a contradiction. Hence we conclude that u / ∈ Db (2)t (U 1 ∪ U 2 ).
Stratified Whitney jets and stratified ultradistributions 2.1 Review on the subanalytic site
Let X be a real analytic manifold countable at infinity.
There exists an open neighborhood W of x such that Z ∩ W = ∪ i∈I ∩ j∈J Z ij where I and J are finite sets and either
A set Z ⊂ X is said subanalytic if the following condition is satisfied.
For any x ∈ X, there exist an open neighborhood W of x, a real analytic manifold Y and a relatively compact semi-analytic set
Given Z ⊂ X, denote byZ (resp. Z, ∂Z) the interior (resp. the closure, the boundary) of Z. 
Let U ⊂ X be a subanalytic open set. There exists a locally finite open
covering {U j } j∈J of U such that, for any j ∈ J, U j is a subanalytic 1-regular set.
For the rest of the subsection we refer to [7] . We denote by Op(X) the family of open subsets of X. For k a commutative ring, we denote by Mod(k X ) the category of sheaves of k-modules on X.
Let us recall the definition of the subanalytic site X sa associated to X. 
We denote by Mod(k Xsa ) the category of sheaves of k-modules on the subanalytic site. With the aim of defining the category Mod(k Xsa ), the adjective "relatively compact" can be omitted in the definition above. Indeed, in [7, Remark 6.3.6], it is proved that Mod(k Xsa ) is equivalent to the category of sheaves on the site whose open sets are the open subanalytic subsets of X and whose coverings are the same as X sa .
Let PSh(k Xsa ) be the category of presheaves of k-modules on X sa . Denote by f or : Mod(k Xsa ) → PSh(k Xsa ) the forgetful functor which associates to a sheaf F on X sa its underlying presheaf. It is well known that f or admits a left adjoint · a : PSh(k Xsa ) → Mod(k Xsa ). For F ∈ PSh(k Xsa ), let us briefly recall the construction of F a . For U ∈ Op c (X sa ) and S ∈ Cov sa (U ), let F (S) be defined as the kernel of the morphism
is a refinement of S, then there exists a natural morphism
It turns out that F a ≃ F ++ . The following Lemma is an immediate consequence of the defintions above.
Lemma 2.1.5. Let T ⊂ Op(X sa ) be such that for any U ∈ Op(X sa ) there exists S ∈ Cov sa (U ), such that S ⊂ T . Let F, G ∈ PSh(k Xsa ) and suppose that there exists a morphism of presheaves ϕ :
We denote by ̺ : X −→ X sa , the natural morphism of sites associated to Op c (X sa ) −→ Op(X). We refer to [7] for the definitions of the functors ̺ * : Mod(k X ) −→ Mod(k Xsa ) and Through ̺ * , we will consider Mod(k X ) as a subcategory of Mod(k Xsa ).
The functor
The functor ̺ ! is described as follows. If U ∈ Op c (X sa ) and F ∈ Mod(k X ), then ̺ ! (F ) is the sheaf on X sa associated to the presheaf U → F U .
Stratified Whitney jets
Let A be a locally closed subanalytic subset in a real analytic manifold X and U ⊂ X an open subset. Let us define the sheaf SW * A of stratified Whitney jets of class * over A. 
We define the jet F = {f α } ∈ J A (X) by:
By applying Lemma A.3 toF and D with the 1-regular stratification {D \ ∂D, B \ {0}, B m \ {0}, {0}}, we have constants C, l > 0 satisfying
which is impossible. We can also give the similar example on an open subanalytic set: Set U := X \ D (D was given by (2.2)), and define the jet G = {g α } ∈ J U (X) by
The reason is the same as that for the first example.
Remark 2.2.3.
We cannot expect SW
For example, consider the case X = R 2 with coordinates (x, y) and A = X \ {x = 0}.
We have the equivalence, for every
where clos A (B) denotes the closure of the set B in A. Hence, in Definition 2.2.1, the condition
can be replaced with 
Lemma 2.2.4. Let A be a locally closed subanalytic subset in X, and let
be a finite family of locally closed subanalytic subset in X with A = ∪A i . We assume that every A i is a closed subset in A, or that every
Then the sequence of sheaves
Proof. The injectivity of the second morphism of (2.3) is clear. Under the condition that every A i is closed (or open) in A, the sequence of sheaves of jets
is exact. Let U be an open subset and K a compact subanalytic subset in U , and let F i ∈ SW * Ai (U ) with j Ai∩Aj,Ai (F i ) = j Ai∩Aj ,Aj (F j ). Then by the above exact sequence we can find a jet F ∈ J A (U ) with j Ai,A (F ) = F i . To conclude the proof let us show that F ∈ SW * A (U ).
where the index i is taken so that A α ⊂ A i .
Remark that, in general, the sequence
is not exact. The following lemma is fundamental.
Lemma 2.2.5. Let X = R n and A a locally closed subanalytic subset in X. For any F = {f α } ∈ SW * A (X) and any subanalytic curve l ⊂ A joining x, x ′ ∈ A, we have
where |l| denotes the length of the curve l.
Proof. We recall the following formula of [18] . Let l ⊂ A be a subanalytic curve, for any
Noticing that
we have
The first term is estimated as follows. Suppose that x 1 , x 2 , x 3 are in a sequential order along l, then we have
Since l is compact, we may assume that A is compact. Then, by the definition of SW * A , there exists a stratification {A τ } τ of A such that for any τ we have j Aτ ,A (F ) ∈ W * Aτ (X). It follows from Theorem 1.1.3 that, for any τ , there exists a constant C τ such that
holds for any 0 ≤ |β| ≤ m and x 1 x 2 ∈ A τ . As the number of strata is finite, it makes sense to set C := max
Remark that the constant C depends on l, m, F and A and it does not depend on x 1 and x 2 . Now, the second term is estimated in the following way. If x 2 , x 3 ∈ l belong to the closure of a same stratum, then
Now we take points x = x 0 , x 1 , . . . , x k = x ′ sequentially in the curve l so that each pair x i and x i+1 belong to the closure of a same stratum (0 ≤ i ≤ k − 1). Then
When k tends to ∞, then the first term in the right hand side converges to
|f α (y)| and the second term tends to 0. The conclusion follows. Proof. By the definition of 1-regular, there exist a constant M > 0 and a finite family {V i } of open subsets in X such that K ⊂ ∪V i ⊂ V and, for any i and
Then, there exists a positive constant δ > 0 such that for any x, y ∈ K with |x − y| < δ, there exists i such that x, y ∈ V i .
First
Moreover, we can suppose
where σ = 1 s−1 . The conclusion follows. Let X = R n , A ⊂ X a compact subanalytic set and F ∈ SW * A (X). Since A is compact, the number of strata of a stratification of A is finite. Hence for any h > 0 (resp. some h > 0) we have ||F || A,s,h < ∞ if * = (s) (resp. * = {s}) respectively. Set 
Therefore, SW * A (X) can be endowed with a locally convex topology induced by these projective or inductive limits. 
The conclusion follows. 
becomes an injective homomorphism of locally convex topological vector spaces.
Proof. Let {A i } be a 1-regular stratification of A satisfying the following condition. For each stratum A i , there exist an open subset U ⊂ X containing A i and isomorphism ϕ i : U → V for some open subset V in R n . It follows from Lemma 2.2.4 that the following sequence is exact,
We can consider the sets A i as 1-regular compact subanalytic subsets of R n . Hence SW * Ai (X) has an FS or a DFS locally convex topology by Proposition 2.2.7, and the morphism
is continuous for such topologies. We endow SW * A (X) with the induced topology. By the exactness of the above sequence, the topological space SW * A (X) is a closed subspace of ⊕ 1≤i≤k SW * Ai (X). Therefore SW * A (X) is an FS or a DFS space.
One can check that another choice of 1-regular stratifications and morphisms ϕ i induces an equivalent topology. Indeed, by considering a 1-regular stratification finer than those, we can reduce the problem to the following claim: Let A ⊂ R n be a compact 1-regular subanalytic subset and A i ⊂ A(⊂ R n ) (i = 1, 2, . . . , k) compact 1-regular subanalytic subsets with A = ∪A i . Then the canonical morphism
is a homomorphism of locally convex topological vector spaces.
If * = (s), then these vector spaces have FS topologies and the image of ι is closed by Lemma 2.2.4. Hence the claim follows from the open mapping theorem. Now, let us prove the claim for * = {s}. Since a DFS space is bornological, it suffices to show that for a sequence {x j } j∈N ⊂ SW {s} A (X) with ι(x j ) → 0 (j → ∞), the sequence {x j } also tends to 0. Since {ι(x j )} is bounded in the DFS space ⊕ The last assertion in the lemma can be proved in the similar way.
If X = R n , A ⊂ X a compact subanalytic set and * = (s), the FS topology in SW (s)
A (X) is described as follows. Given a sequence {F n } ⊂ SW 
The subanalytic sheaf of the stratified Whitney jets
Let X be a real analytic manifold. The subanalytic presheaf of stratified Whitney jets of class * is defined by
where U is a subanalytic open subset of X.
It follows from Lemma 2.2.4 that SW *
Xsa is a subanalytic sheaf in X sa . Since
, 
Stratified ultradistributions
Let X be a real analytic manifold, A a closed subanalytic subset in X and let Db * denote the sheaf of ultradistributions of class * . For any stratification {A α } of A, let us define stratified ultradistributions along {A α }. Definition 2.4.1. An ultradistribution u ∈ Db * (U ) is said to be stratified along {A α } in U if u can be written in the form:
We define the sheaf of stratified ultradistributions of class * along {A α } as
For a stratification {A ′ α } finer than {A α }, there exists the canonical morphism SDb * {A ′ α } (U ) → SDb * {Aα} (U ) . We define the sheaf of stratified ultradistributions of class * along A as
Since for any stratification {A α } there exists a 1-regular stratification finer than {A α }, we have
There exists the canonical injective sheaf homomorphism
This morphism is not surjective in general. The following lemma follows easily from the definition. is surjective.
Remark that, in general, the middle of the sequence 
Proof. The continuous morphism j
For any ϕ(x) ∈ C * (X) with supp(ϕ) ∩ A = ∅, we have j A (ϕ(x)) = 0. Hence im j t A ⊂ Γ A (X, Db * ). Moreover since j A (C * (X)) is dense in SW * A (X) by Proposition A.7, the morphism
is injective. Let A 1 , A 2 , . . . , A l be closed subanalytic subsets in X with ∪A i = A. If we prove that, for each i,
follows from the following commutative diagram
The first row of (2.7) is exact since
is an injective homomorphism of locally topological vector spaces by Lemma 2.2.11. The third row of (2.7) is exact by Lemma 2.4.2. All vertical arrows of (2.7) are injective. By these observations, we can reduce the problem to the case X = R n and A ⊂ X is a compact subanalytic set. First recall that if B is a compact set in R n , then it follows from the result of Whitney and Kantor that
Let {A α } be a 1-regular stratification of A. Let us consider the following commutative diagram
Here the first horizontal arrow is injective and has a dense image by Proposition A.7. Since each A α is 1-regular, the second horizontal arrow is topologically isomorphic. The second vertical arrow is an injective homomorphism of locally convex topological vector spaces. Then taking the dual of the diagram, we have
Hence we can conclude
[A] (X). The conclusion follows. Similarly to the exactness of (2.6), the exactness of (2.10) holds if dim X ≤ 2 without the assumption of 1-regularity on
In particular, if A is 1-regular at p ∈ X, then we have
If A is a compact subanalytic, then SDb *
[A] (X) is equipped with the strong dual topology of the locally convex topological vector space SW * A (X). Then SDb *
[A] (X) is a DFS (resp. an FS) space if * = (s) (resp. * = {s}) respectively. Since SDb *
[A] (X) and Γ A (X, Db * ) are reflexive, SDb *
[A] (X) is dense in Γ A (X, Db * ).
Subanalytic sheaves on real surfaces
In this section we are going to study in detail the extension properties of stratified Whitney jets on real surfaces.
On the exactnesses of (2.6) and (2.10) in dimension 2
Throughtout the subsection X is a real analytic manifold of dimension 2, unless otherwise specified. By [10] , for any stratification {A α } of A, there exists a good 1-regular stratification finer than {A α }. 
is surjective.
Proof. Let A α satisfy dim A α = 2. Set Z := A α \A α and let {Z β } be the induced good 1-regular stratification of Z. For any p and ǫ > 0, D ǫ (p) designates the closed disk with center p and radius ǫ. By the partition of unity, it is enough to show that for any p ∈ Z, there exists ǫ > 0 such that
is surjective. If p ∈ Z β with dim Z β = 1, then Z ∩ D ǫ (p) is 1-regular for sufficiently small ǫ > 0. The result is clear in this case.
Suppose, now, Z β = {p}. Since Z is topologically trivial, there exist only two strata Z 1 and Z 2 such that dim Z i = 1 and p ∈ Z i (i = 1, 2,). Let ǫ > 0 be such that Z 1 and Z 2 cross ∂D ǫ (p) transversally and any stratum other than Z 1 , Z 2 and Z β does not intersect with D ǫ (p).
Since A α is 1-regular, the angle between the tangent lines of Z 1 and Z 2 at p in the side of D ǫ (p) \ A α is positive. Hence, if ǫ is sufficiently small, then there exists q ∈ ∂D ǫ (p) \ A α such that the segment l from p to q is contained in D ǫ (p) \ A α , and that Z i is not tangent to l (i = 1, 2). One checks easily that D ǫ (p)\(l∪Z 1 ∪Z 2 ) has three connected components, one of whose isÅ α ∩B ǫ (p). Denote by W 1 and W 2 the other two connected components. The sets W 1 and W 2 satisfy
. the boundary ∂W i of W i consists of Z i , l and a part of the circle, in particular, W i and ∂W i are 1-regular (i = 1, 2).
Let F ∈ SW * Z∩Dǫ(p) (X). For sake of simplicity, we assume that F | Z β = 0 and F | Z∩∂Dǫ(p) = 0. Then, we define F i ∈ SW * ∂Wi (X) (i = 1, 2) by
Since ∂W i is 1-regular, we can find a function
belongs to SW * Dǫ(p)\Aα (X), and G(x)| Z∩Dǫ(p) = F .
By the similar arguments as in the proof of Lemma 3.1.2, we can also prove the following lemma. 
Proof. Since it is a local problem, we may assume that X = R 2 and Z i is compact. Set Z := Z 1 ∪ Z 2 . Let {Z α } α∈Λ be a good 1-regular stratification of
Note that Λ is a finite set.
We will prove the assertion by induction of the cardinality of Λ. By Lemma 2.4.2, it is enough to show the exactness of the sequence
The sequence
is exact by the induction hypothesis. Let F ∈ SW * Z1∩Z2 (X). For sake of simplicity, we assume
It follows from the above exact sequence that there exist
(X) such that
Moreover, if dim Z β < 2, then ∂Z β consists of isolated points, hence there exists
Taking (3.2) andF 1 | ∂Z β = 0 into account, we can extendF 1 to an element of SW * Z1 (X) by zero (i.e. the zero extension). Now, if Z β ∩ Z 2 = ∅, then Z 2 = Z ′ 2 and the result follows. Otherwise, suppose Z β ⊂ Z 2 , then, sincẽ F | ∂Z β =F 1 | ∂Z β = 0, we haveF 2 | ∂Z β = 0. HenceF 2 is regarded as an element in SW * Z2 (X) by the zero extension. The conclusion follows.
In general, for open subanalytic subsets U 1 and U 2 , the sequence
is not exact, indeed the surjectivity does not hold. The lack of surjectivity is of topological nature and it comes from the fact that RHom(C U1∪U2 , C X ) is not necessarily concentrated in degree 0. 
Proof. Since it is a local problem, we may assume that X = R 2 and Z i is compact subanalytic. It suffices to show the exactness of the sequence:
Then the injectivity is clear, and the surjectivity follows from Lemma 2.1.5. Using Lemma 3.1.3 instead of Lemma 3.1.2, we can prove the exactness of the middle by the same argument as in the proof of Theorem 3.1.4.
Note that, for the case * = (s), the corollary can be also proved by taking the dual of (3.1) since all the vector spaces in (3.1) have FS topologies.
Stratified and tempered-stratified ultradistributions
In this subsection, we assume that X is a real analytic manifold with arbitrary dimension. For U ⊂ X a subanalytic open set, we define the set of temperedstratified ultradistributions as
Theorem 3.2.1. Let U be an open subanalytic subset of X.
The ring Γ(U , D X ) acts on Db * ts
Xsa (U ).
Let
V be an open subanalytic subset of X. Then we have the following exact sequence. 
Proof. 1. Let W ⊃ U be an open subset in X and P ∈ Γ(W, D X ). We choose a function ϕ ∈ C * (X) with supp ϕ ⊂ W and ϕ(x) = 1 in a neighborhood of U . Then ϕP can be considered as a differential operator on X with coefficients in C * (X), and thus, it acts on Db * t X (U ). This action does not depend on a choice of ϕ. Indeed, this follows from the fact that, for any u ∈ Db * (X) and ψ ∈ C * (X) with supp ψ ∩ U = ∅, we have ψu ∈ SDb *
[X\U] (X).
2.
The exactness is an immediate consequence of the following commutative diagram whose rows and columns are exact.
The assertion for the case dim X ≤ 2 comes from Corollary 3.1.5.
3. follows from Corollary 2.4.4.
Higher dimensional case
Let G be a subanalytic sheaf on X sa and denote by r V,U the restriction map of G for V ⊂ U open subanalytic subsets. Assume that G satisfies the following conditions.
1. If U ∈ Op(X sa ) has smooth boundary, then G(U ) ≃ Db * t (U ). In particular, G(X) = Db * (X).
For any
Note that, since G is a sheaf in X sa , for open subanalytic subsets U and V , the sequence 0
is exact. If dim X = 2, the sheaf Db * ts
Xsa satisfies the the conditions 1. and 2. above. Let us prove that, if dimX > 2, then such a subanalytic sheaf G does not exist. For Z a subanalytic closed subset of X, set
Then, for any closed subanalytic sets
. One checks easily that the sequence
is exact. Using the fact that i Z2,Z1 is injective, and F (Z) ⊂ F(X\B) = Γ X\B (X, Db * ), for any open ball B with Z ∩ B = ∅, it is easy to see that
Further, if Z is a smooth manifold we have
Now let Z 1 , Z 2 be two smooth hypersurfaces of X, from the commutative diagram with exact rows
If dim(X) > 2, then we can find a pair of smooth hypersurfaces Z 1 and Z 2 such that Z 1 ∩ Z 2 consists of two smooth curves W 1 and W 2 tangentially intersecting at p. For example, let X = R 3 with coordinates (x, y, z), Z 1 = {z = 0} and
we have the following exact sequence
This gives a contradiction. Indeed, the exactness of (3.3) implies that any ultra-distributions supported on W 1 ∪ W 2 is the sum of ultra-distributions supported in W 1 or W 2 . When W 1 and W 2 are tangent at p, this is not true.
A Super growth indicators
The aim of the appendix is to show Proposition A.7. To prove the proposition we need several lemmas and propositions. Their proofs are given only for the case * = (s) in this paper as those for * = {s} can be done by the similar technique. Note that a super growth indicator is a convex function. Let ϕ 1 (t), ϕ 2 (t) be two super growth indicators, we write ϕ 1 ≪ ϕ 2 if and only if there exists C ∈ R such that, for any t ∈ R ≥0 , ϕ 1 (t) ≤ ϕ 2 (t) + C.
Lemma A.2.
Let ϕ(x) be a super growth indicator. There exists {γ
2. For any {γ k } k∈Z>0 ⊂ R, there exists a super growth indicator ϕ(t) such that
Proof. Easy.
Let X be a real analytic manifold and A a closed subanalytic set, and let A α be a stratum of a stratification {A α } of A.
Clearly B(A α ) is a closed subanalytic subset of X.
Proposition A.3. Let X = R n and A ⊂ X a closed subanalytic set with a 1-regular stratification {A α }. Assume * = (s) (resp. * = {s}). Then for any α and any F ∈ SW * A (X) with F |Ā α = 0, there exists a super (resp. linear) growth indicator ϕ α satisfying the following condition. For any h > 0 (resp. some h > 0), there exists a constant C h such that, for any ǫ > 0,
where B(A α , ǫ) = {x ∈ B(A α ); dist(x,Ā α ) ≤ ǫ} and σ = 1 s−1 . Proof. We may assume that A = B(A α ), in particular, the number of the strata is finite. Since the closure of each stratum A β is 1-regular, connected and compact, we can find a constant κ β such that for any x, y ∈Ā β there exists a subanalytic curve l ⊂Ā β joining x and y such that |l| ≤ κ β |x − y|.
We set κ = max{κ β }.
Let y be a point in some stratum A β . AsĀ α is compact, there exists x ∈Ā α such that dist(y,Ā α ) = |y − x| AsĀ α ⊂Ā β , there exists a curve l inĀ β joining x and y such that
A (X) such that F |Ā α = 0. We have that, for any x ∈Ā α , y ∈Ā β , f γ (y) = R m (S γ F ; y, x). Hence, from Lemma 2.2.5, it follows that
Hence for any h ′ > 0 and h > 0
for some positive constants B and C, we obtained
for a constant B ′ > 0. By Lemma A.2, there exists a super growth indicator ϕ such that
Then, one checks easily that, for any h ′ > 0, there exists a constant C h ′ > 0 such that:
Therefore, we obtain
Let χ h (x) be a non-negative C ∞ (R) function such that supp(χ h (x)) ⊂ {|x| ≤ h} and R χ h (x)dx = 1.
For 0 < h < 1, set
Then we have ϕ h ∈ C ∞ (R) and
Hence, we obtain
Now, we replace s by (1 + h)s into (A.3). Then we get, for sufficiently small h > 0 and s, t ∈ [1, ∞),
Further, it follows from g(t) ≤ 1 M ψ(t) that for sufficiently small h > 0 and t ≥ 1 we have ϕ h (t) ≤ ψ(t).
The conclusion follows.
Lemma A.5. Let σ > 0. For any super growth indicator ϕ(t), there exist a holomorphic function p(ξ) on C\R ≤0 and a super growth indicator ̺(t) satisfying the following conditions.
1. There exists C > 0 such that, for any ξ ∈ C \ R ≤0 ,
holds. Moreover p(ξ) is real valued for ξ ∈ R >0 .
The inequality
Proof. It is enough to construct an entire function p(ξ) for σ = 1 2 that satisfies the estimate (A.4) for any ξ ∈ C and (A.5) on re iϑ ∈ C; r > 0, |ϑ| < π 4 . Then, for an arbitrary σ > 0, the holomorphic function p(ξ 2σ ) on C \ R ≤0 gives a required one.
We suppose σ = 1 2 in what follows. Let ψ(t) be a super growth indicator satisfying the conditions 2. and 3. in Lemma A.4 for some ǫ > 1 and C > 0 which will be determined later on.
For s ≥ 0, we set g(s) := σsψ ′ (s).
we have that g(s) is a strictly increasing function and lim s→∞ g(s) = ∞. Now, let {ξ k } be a sequence such that
holds for any k ∈ Z >0 . Then, since g(s) is strictly increasing, we have ξ 1 < ξ 2 < . . . , and lim
For any t > 0, we set
Moreover, for any ξ k ≤ s < ξ k+1 we have
By the Lindelöf Theorem (see proof of Proposition 4.6, page 59 of [8] ) we conclude that p(ξ) is absolutely convergent in C. The same theorem give the estimate log sup
Thus we get log sup
The first term of right hand side of (A.6) satisfies
We estimate the second term of the right hand side of (A.6) as follows. Let ψ be a super growth indicator satisfying the condition 3. in Lemma A.4 for C = 2
Hence we obtain log sup
where C σ depends only on σ. Therefore p(ξ) satisfies the condition 1. of Lemma A.5 when ψ(t) is a super growth indicator given by Lemma A.4 with the indicator ϕ(t) C σ and the constants C = 2 and ǫ = 1 √ σ − 1. Now, for k ∈ Z >0 , set
Let us prove that, for k → ∞, l k → ∞. Indeed, unless l k → ∞, then there exists M > 0 and an increasing sequence of natural numbers {k p } with l kp ≤ M . Since
holds, we have
, the right hand side of (A.7)
tends to ∞. This contradicts to the fact that the left hand side of (A.7) is bounded. Now, p(ξ) can be written in the form:
for some C L > 0. It is well know that there exist A, B > 0 such that, for t ≥ 0,
Therefore we have that for any L > 0
This implies that there exists a super growth indicator ̺(t) satisfying
Lemma A.6. Let s > 1. Assume * = (s) (resp. * = {s}). Then for any compact set K ⊂ R n and for any super (resp. any linear) growth indicator ϕ, there exists a family of functions {χ ǫ (x)} ǫ>0 ⊂ C * (R n ) satisfying the following conditions.
1. For any h > 0 (resp. some h > 0) there exists a constant C h such that
Where K ǫ denotes the set {x ∈ X; dist(x, K) ≤ ǫ} and σ = 1 s−1 . Proof. Let ψ be a super growth indicator, p(ξ) a holomorphic function as given in Lemma A.5 with the super growth indicator ψ(t) and σ > 0. We set
One checks easily that f (z) is holomorphic in the sector
for some κ > 0, and that there exists a super growth indicator ̺ such that
holds for z ∈ S. Hence, using the Cauchy inequality, it is easy to see that f (x) ∈ C (s) (R), that is, for h > 0 and any compact set K ⊂ R we have ||f (x)|| K,s,h < ∞ . Thenĝ ǫ (x) satisfies the followings conditions.
1. For any h > 0 there exists M h > 0 such that ||ĝ ǫ (x 1 , . . . , x n )|| R n ,s,h ≤ M h exp(3nψ(ǫ −σ )) for any ǫ > 0.
2.
R nĝ ǫ (x)dx = 1 3. supp(ĝ ǫ (x)) ⊂ {x ∈ R n ; |x| ≤ 2 √ nǫ}.
Letχ Then Z(A α ) is compact and it is a closed neighborhood ofĀ α in A. Hence by the partition of unity, we may assume that X = R n and A is a compact subanalytic set.
Let Λ k (resp. Λ ≤k ) be the set of indices α ∈ Λ such that dim(A α ) = k (resp. dim(A α ) ≤ k). For ǫ > 0, let us determine a family of closed sets {W ǫ,α } α∈Λ in X and a family of positive constants {l ǫ,α } α∈Λ in the following way. If k = 0, then for any α ∈ Λ 0 , 1. W ǫ,α = A α , 2. let l ǫ,α > 0 be such that ǫ > l ǫ,α and (W ǫ,α, lǫ,α ∩ A) ⊂ U (A α ). Here W ǫ,α, lǫ,α = {x ∈ X; dist(x, W ǫ,α ) ≤ l ǫ,α }.
Suppose that we already determined W ǫ,α and l ǫ,α for every α ∈ Λ ≤k−1 . Set
First, let {W ǫ,α } α∈Λ k be such that Then, for α ∈ Λ k , let l ǫ,α satisfy:
As W ǫ,β, l ǫ,β and W ǫ,α are closed sets, the condition 3. can be fullfilled.
Let ϕ be a super growth indicator. By Lemma A.6, for any h > 0, there exist C h > 0 and a family {χ ǫ,β } ⊂ C (s) (X) such any for any ǫ, β (a) χ ǫ,β (x) = 1 for x ∈ W ǫ,β, χ ǫ,β1 (x)χ ǫ,β2 (x) ≡ 0 .
Here β 1 β 2 means A β1 ⊂Ā β2 . Indeed, if dim A β1 = dim A β2 and β 1 = β 2 , then if follows from the condition 1 of l ǫ,β and l ǫ,βi < 1 3 dist(W ǫ,β1 , W ǫ,β2 ) (i = 1, 2) that we have supp(χ ǫ,β1 ) ∩ supp(χ ǫ,β2 ) ⊂ W ǫ,β1,l ǫ,β 1 ∩ W ǫ,β2,l ǫ,β 2 = ∅.
Therefore we may assume dim A β1 < dim A β2 . Since β 1 β 2 implies A β1 ∩ A β2 = ∅, the relations supp(χ ǫ,β1 ) ∩ supp(χ ǫ,β2 ) ⊂ W ǫ,β1,l ǫ,β 1 ∩ W ǫ,β2,l ǫ,β 2 = ∅ follow from the condition 3.
The, from (A.8) and (A.9), we obtain that
(−1) i χ ǫ,β1 (x)χ ǫ,β2 (x) . . . χ ǫ,βi (x) in a neighborhood of A. Here β 1 ≺ β 2 implies that β 1 = β 2 and A β1 ⊂Ā β2 .
Let F ∈ SW * A (X). Since we have SW * A (X) = SW * {Aα} (X), then, for any α there exists g α (x) ∈ C (s) (X) such that jĀ α (g α ) = F |Ā α . Then, by Proposition A.3, there exists a super growth indicator ψ(t) such that, for any h > 0 and any α, there exists a constant C (−1) i χ ǫ,β1 (x)χ ǫ,β2 (x) . . . χ ǫ,βi (x)g βi (x) ∈ C (s) (X) .
We are going to show that j A (g ǫ ) converges to F with respect to the topology of SW * A (X) when ǫ → 0. This will complete the proof. Let us fix a stratum A α . We have for any h > 0.
